In this paper, we study the exterior problem for the spherically symmetric isentropic compressible Navier-Stokes equations with density-dependent viscosity coefficients. Under certain assumptions imposed on the initial data, we show that there exists a unique global strong solution to the exterior problem and obtain the regularity of the strong solution. Some ideas and more delicate estimates are introduced to prove these results.
Introduction
In general, the N -dimensional isentropic compressible Navier-Stokes equations with density-dependent viscosity coefficients read
where t ∈ (, +∞) is the time and x ∈ R N , ρ >  and u denote the density and velocity, respectively. The pressure function is taken as P(ρ) = ρ γ with γ > , and
is the strain tensor and μ(ρ), λ(ρ) are the Lamé viscosity coefficients satisfying
There is a huge literature on the studies of the compressible Navier-Stokes equations with density-dependent viscosity coefficients. [] investigated the Cauchy problem for the equations of selfgravitating motions of a barotropic gas with density-dependent viscosities, where the pressure P(ρ) is not necessarily a monotone function of the density and proved that the Cauchy problem admits a global weak solution. The Cauchy problem for the equations of spherically symmetric motions in R  of a selfgravitating barotropic gas, with possibly non-monotone pressure law, was considered by Ducomet et al. [] , and they also proved the global existence of weak solution. The qualitative behaviors of global solutions and dynamical asymptotics of vacuum states were also considered, for instance, the finite time vanishing of finite vacuum or asymptotical formation of vacuum in large time, the dynamical behaviors of vacuum boundary, the large time convergence to rarefaction wave with vacuum, and the stability of shock profile with large shock strength, refer to [-] and references therein. In this present paper, we consider the exterior problem for the spherically symmetric isentropic compressible Navier-Stokes equations with density-dependent viscosity coefficients and focus on the global existence, uniqueness and regularity of the strong solution, etc. As P(ρ) = ρ γ (γ ≥ ), μ(ρ) = ρ, and λ(ρ) = , we show that the exterior problem admits a unique global strong solution. The rest part of the paper is arranged as follows. In Section , the main results as regards the global existence of strong solution for the spherically symmetric isentropic compressible Navier-Stokes equations are stated. In Section , the a priori estimates for strong solution to the exterior problem are established, and in Section  the main results are proved.
Notations and main results
In this present paper, the viscosity terms are assumed to satisfy μ(ρ) = ρ and λ(ρ) =  in (.) and the strain tensor is taken as D(U) = ∇U. The isentropic compressible NavierStokes equations become
The initial data and boundary conditions of (.) are imposed as
where := R  / r -, r -is a ball of radius r -centered at the origin in R  , andρ >  is a constant. We will investigate the spherically symmetric solution of the system (.) in the spherically symmetric exterior domain in the present paper, so we denote
which gives the following system of equations for r > :
with the initial data and boundary conditions
and the initial data satisfies for some constant ρ > 
Next, we give the definition of a weak solution to the exterior problem (.)-(.).
Definition . (weak solution) For any T > , (ρ, u) is said to be a weak solution of the exterior problem (.)-(.), if (ρ, u) has the following regularities:
and equations (.) are satisfied in the sense of a distribution. Namely, for all ϕ ∈ C
where the diffusion term makes sense as
Then we can give the main results as follows. 
here
and below C(T) >  denotes the constant dependent on time and C >  denotes the constant independent of time. If further r
Remark . Theorem . holds for the Saint-Venant model for shallow water, i.e., P(ρ) =
Remark . In this paper, we can obtain several estimates in (.) and (.) which are not uniformly on time, these estimates can be used to get the compactness results for the exterior problem (.)-(.), but they not be applied to investigate the large time behaviors of the strong solution.
The a priori estimates
It is convenient to prove Theorem . in terms of Lagrange coordinates, and the key step is to establish several useful a priori estimates. Take the Lagrange coordinates to transform
The relation between Lagrangian coordinates and Eulerian coordinates is satisfied by
Under the Lagrangian coordinates transform, the exterior problem (.)-(.) is reformulated to
where the initial data satisfies
First, we are ready to establish the a priori estimates for the solution (ρ, u) to the exterior problem (.). First of all, we can establish the following a priori estimates.
Lemma . Let T > . Under the conditions in Theorem ., we have for the strong solution
Proof Multiplying (.)  by r  u and integrating the result with respect to x over [, +∞), making use of (.)  , we have
integrating (.) with respect to τ , we obtain (.).
Lemma . Let T > . Under the conditions in Theorem ., we have for the strong solution
Proof Differentiating (.)  with respect to x, we have
Summing (.) and (.)  , we have
and so
which together with (.) yields
Multiplying (.) by (u + r  ρ x )r  , and integrating the result with respect to x and τ , we have (.).
Lemma . Let T > . Under the conditions in Theorem ., we have for the strong solution
where C is a positive constant independent of time.
Proof Let
It follows from (.) and (.) that
As ρ → +∞, we have for some θ ∈ (, ), if  < γ ≤ ,
and if γ > , we have
which with (.) yields
Next, the Lagrangian structure of the particle transport for this exterior problem (.) will be shown as follows. Without loss of generality, we define two particle paths r  (t), r  (t) in Eulerian coordinates as
where r  and r  satisfy
Since we have the conservation of total mass, 
Proof By the Lagrangian coordinates transform (.), for any x ∈ [a, b] and r  (t) ≤ r(x, τ ) ≤ r  (t), where r -≤ r  ≤ r(x, ) ≤ r  < +∞, we can find that
For any  ≤ a < b < +∞, we have
which together with
Lemma . Let T > . Under the conditions in Theorem ., we have for the strong solution
(ρ, u) to the exterior problem (.) τ  ρ (γ -) u  L ∞ ([a,b]) ds ≤ C(T), (.) τ  ρ γ  x r  ds ≤ C(T), (x, τ ) ∈ [a, b] × [, T], (.)
where C(T) is a positive constant dependent on time T.
Proof From (.) we have
By means of γ ≥ , we have
which with Gronwall's inequality yields the lemma.
Lemma . Let T > . Under the conditions in Theorem
where C(δ  , T) is a positive constant dependent on δ  and time T . Furthermore, for a small meanwhile we have
Define two particle paths r x i (t) as
and we have from the conservation of total mass
Then we can find a curve in Eulerian coordinates
such that we have
Furthermore, in Lagrangian coordinates, there exists x * ∈ [x  , x  ]:
In the same way, as η is small enough, we can find another two points
Define two particle paths
As by the argument above, there exists a curve in Eulerian coordinates
meanwhile, in Lagrangian coordinates there exists x * ∈ [x  , x  ]:
and define
For any β > , multiplying (.) by βv β- , and integrating the equation over [
which yields
where
A complicated computation gives
Next, we will give the estimate of the term J  . We have
In the same way, we can obtain
Finally, we obtain
By Young's inequality, we have 
where C(T) is a positive constant dependent on time T.
Proof By means of ρ →ρ as x → +∞, we know that ∃M >  such that
where C  is a positive constant independent of T. We apply Lemma . on the domain
) a constant small enough, and we can obtain
where C  (T) is a positive constant dependent on T. The proof is completed. 
Lemma . Let T > . Under the conditions in Theorem ., we have for the strong solution
(ρ, u) to the exterior problem (.) +∞  r  u  x dx + τ  +∞  r  u  s r - dx ds + τ  +∞  r  u  xx dx ds ≤ C(T), (.) +∞  r  u  τ r - dx + τ  +∞  ρ  r  u  xs dx ds ≤ C(T), τ ∈ [, T],(.
